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ABSTRACT
In quantum eld theory, the vacuum action is subject to renormalization and
to the renormalization group running. Consequently, the \cosmological constant"
is not a constant, still less should be zero. In this paper we continue with previous
work, and derive the contributions of the light particles to the running of the
cosmological and gravitational constants in the Standard Model, from the cosmic
scale up to the Fermi scale. At higher energies the calculation is performed in
a sharp cut o approximation. It is argued that the scaling dependences of the
cosmological and gravitational constants do not spoil primordial nucleosynthesis.
Finally, the cosmological and eld-theoretical implications of the running of the
cosmological constant are discussed.
1 Introduction
The cosmological constant (CC) problem [1] is, nowadays, one of the main points of atten-
tion for the physics community. The main reason for this is twofold: i) First, the recent
measurements of the cosmological parameters [2, 3] from high-redshift supernovae [4, 5] and
the precise data on the temperature anisotropies in the cosmic microwave background radi-
ation (CMBR) [6, 5] oer unprecedentedly new information from the experimental side; ii)
A deeper understanding or even the nal solution of this problem is one of the few things
that theoretical physics can expect from the highly mathematized developments of the last
decades: from strings and dualities to the semi-phenomenological Randall-Sundrum model
and modications thereof [7, 8, 9]. The very optimistic expectation includes also the pre-
diction of the observable spectrum of the particles of the Standard Model. However, all
attempts to deduce the small value of the cosmological constant from some sound theoreti-
cal idea, without ne tuning, failed so far, so that anthropic considerations could eventually
become a useful alternative to the purely formal solution of the problem from rst principles
[1, 10].
In the present paper we continue earlier work on the scaling behavior of the CC presented
in [11] (see also [12]). We look at the CC problem using the Renormalization Group (RG) and
the well established formalism of quantum eld theory in curved space-time (see, for example,
[13]). This way, certainly, does not provide the fundamental solution of the cosmological
constant problem either. Nevertheless it helps in better understanding the problem and
(maybe even more important) in drawing some physical consequences out of it. The CC
problem arises in the Standard Model (SM) of electroweak and strong interactions due to
the spontaneous breaking of the electroweak gauge symmetry (SSB) and the presence of
non-perturbative QCD vacuum condensates. Both eects go over to the so-called induced
cosmological term, and the CC problem manifests itself in the necessity of the unnaturally
exact ne tuning of the original vacuum cosmological constant that has to cancel the induced
counterpart to within a precision of one part in 1055. These two: induced and vacuum CC’s,
satisfy independent renormalization group equations (RGE). Then, due to the quantum
eects of the light (but massive) particles, the observable value of the CC starts to depend
on the energy scale. The running of the observable CC has acceptable range, thanks to the
cancellation of the leading contribution to the -functions, which occurs in the SM [11].
Here we are going to develop the same ideas further. The organization of the paper is
as follows. In the next section, we review the formalism of renormalization of the action of
vacuum, and show that there are no grounds to expect zero CC. In section 3, we explain
the origin of the cancellation that takes place in the renormalization group equation for the
induced CC in the SM. In section 4, we estimate the values of the CC for higher energies,
up to the electroweak (Fermi) scale. After that, in section 5, it is veried that the running
of the CC does not spoil primordial nucleosynthesis. In section 6 we consider the scaling
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dependence of the Newton constant, and show that such dependence cannot be relevant at
cosmic scales. In the last section we draw our conclusions and discuss the possible interface
between particle physics, modern quantum eld theory and cosmology. The value of the CC
at a dierent energy scale, together with the existence (or not) of the light but massive
scalar, should help to respond the crucial question: whether there is an unknown principle,
according to which the CC must be zero. As a by-product, we can learn what is the long-term
future of the Universe.
2 Renormalization of the vacuum action
Since we are going to discuss the SM in relation to gravity, it is necessary to formulate the
theory on the classical curved background. In order to construct a renormalizable gauge
theory in an external gravitational eld one has to start from the classical action which
consists of three dierent parts 1
S = Sm + Snonmin + Svac : (1)
Here Sm is the matter action resulting from the corresponding action of the theory in flat
space-time after replacing the partial derivatives by the covariant ones, Minkowski metric
by the general metric and the integration volume element d4x by d4x
p−g. For instance, the




p−g g (D)+ (D)− V0()} ; (2)
where the derivative D is covariant with respect to general coordinate transformations
and also with respect to the gauge transformations of the SM electroweak symmetry group
SU(2)L  U(1)Y . Thus
D = r − ig T i W i − ig0 Y B; (3)
where r is the coordinate-covariant part and the rest of the terms involve the standard
gauge connections formed out of the electroweak bosons W i; B and the corresponding
gauge couplings and generators. Other terms in the action involve similar generalization of
the ordinary fermion, gauge and Yukawa coupling interactions of the SM. One of the novel





p−g  y R; (4)
1See e.g. [14, 13] for an introduction to renormalization in curved space-time.
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involving the interaction of the SU(2)L doublet of complex scalar elds  with the curvature
scalar R. Notice that for  = 0 the gravitational eld is still (minimally) coupled to matter
through the metric tensor in the kinetic terms and in general to all terms of the Lagrangian
density through the
p−g insertion. With respect to the RG, one meets an eective running
of  whose value depends on scale. This running has been studied for a variety of models
(see [15, 13] and references therein).
Very important for our future considerations are the vacuum terms in the action, which

















All the divergences in the theory (1) can be removed by the renormalization of the
matter elds and couplings, masses, non-minimal parameter  and the bare parameters of
the vacuum action a1;2;3;4 and Gvac ; vac.
It is very important that the vacuum action (5) includes the cosmological term. Formally,
the cosmological term is required, for the renormalizability, even in flat space-time. But then
it is just a constant addition to the Lagrangian, and of course it does not aect the equations
of motion. In curved space-time, however, the situation is quite dierent, because  interacts
with the metric through the
p−g insertion. This was rst noticed by Zeldovich [16], who
also pointed out that there is a cosmological constant induced by matter elds.
Let us briefly describe the divergences in the vacuum sector. Suppose that one applies
some covariant regularization depending on a massive parameter. For example, it can be
the high derivative regularization [17, 18] with additional Pauli-Villars regularization in the
one-loop sector. To x ideas let us assume that all of the divergences depend on a unique
regularization parameter Ω with dimension of mass. Then, for the renormalizable theory
(5), one faces three times of divergences in the vacuum sector:
i) Quartic divergences  Ω4 for the cosmological term come from any eld: massive or
massless. For instance, they are produced by the soft photons lling the Universe. As usual,
these divergences must be subtracted by a counterterm. Then, after the renormalization
condition for the cosmological constant is xed at some scale (see below), there is no running
whatsoever due to these divergences. They fully cancel out against the counterterm; in other
words, they can be \technically" disposed of once and forever. That is why the vacuum
oscillations (zero-mode contributions) of the elds, although they could perhaps reach values
as large as the Planck mass MP to the fourth power, do not pose a severe problem and are
usually considered as unimportant [1].
ii) Quadratic divergences are met in the Hilbert-Einstein and CC terms f 1=(16Gvac) R+
vacg of Eq. (5). They can arise either from quadratically divergent graphs or appear as sub-
leading divergences of quartically divergent terms. In the CC sector they are proportional
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to Ωm2i , where mi are masses of the matter elds. Hence, massless elds do not contribute
to these divergences. Quadratic divergences are removed in the same manner as the quartic
ones. No scale dependence remains after they are canceled and the renormalization condition
is xed.
iii) Finally, there are the logarithmic divergences. They show up in all sectors of Eq. (5),
and come from all the elds: massless and massive. However, only massive elds contribute
to the divergences of the CC and Hilbert-Einstein terms. This can be easily seen from di-
mensional analysis already. Logarithmic divergences are the most complicated ones, because
canceling them by counterterms requires the introduction of a renormalization condition at
some particular scale. But then their eect is spread through the renormalization group.
Thus, there are three types of divergences for the CC and the next problem is how to
choose the renormalization condition. Here we discuss this choice, in detail, only for the CC.
Later on we shall consider the Newton constant, where the discussion is quite similar.
In the following our considerations on the cosmological parameters are made at the
present day cosmic renormalization scale, which we denote c. We shall discuss below
more accurately our quantitative choice for c, but it is obvious that it must be a very
low energy scale. Therefore, we may safely assume that the high derivative terms in (5) are
not important for our particular considerations, and so the renormalized eective vacuum
action at very low energies (  c) is just the Hilbert-Einstein action with a running
cosmological and gravitational constants Gvac(); vac():







R + vac ()

: (6)
Clearly, as soon as one deals with the SM in curved space-time, the vacuum CC, vac,
should be included into the list of parameters of the SM { along with couplings and masses.
These parameters must be renormalized and their physical values should be implemented via
the renormalization conditions. Exactly as for any other parameter of the SM, the values
of vac (and, in principle, of ; Gvac; a1;2;3;4, which we disregard now) should result from
the experiment. However, there is an essential dierence. The values of the electroweak
parameters of the SM are dened from high energy experiments. And the characteristic
scale in this case is the Fermi scale MF  G−1=2F ’ 293 GeV . At the same time, due to the
weakness of the gravitational force at small distances, there is no way to measure the vacuum
parameters at this scale. However, recent astronomical observations are currently being
interpreted as providing the right order of magnitude value of the \physical" cosmological
constant at present, ph, and it comes out to be non-zero at the 99% C.L. [4]. Now, the
value of ph derived from these observations will be treated here as the value of the running
parameter ph() evaluated at  = c.
The physical CC at present is the sum of the vacuum and induced terms
ph = ind + vac (7)
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at the cosmic renormalization scale c. Specically, we shall assume that c is dened by
the energy scale associated to the present energy density of matter, 0, and so essentially







h0  10−3 eV  2 10−3 eV ; (8)




h0  10−3 eV
4
. Here the dimen-
sionless number h0  0:65  0:1 [5, 6] sets the typical range for the present day Hubble’s
constant. One could perhaps worry whether a more sensible choice for the scale c could
just be the Hubble constant itself: H0 ’ 2:13 h0  10−42 GeV . The choice does matter as
the numerical dierence is very important: c=H0  1030. However, by the well-known
Friedmann’s equation of cosmology (see e.g. [2]) we have H0  G1=21=20 which means that
the dierence between c dened by (8) and H0 just stems from the value of Newton’s
constant G. In other words, it is like rescaling the whole Lagrangian by a factor of order
G and then look again for the natural scale. On the other hand, it is 0 (not H
4
0  G220)
that is directly related to the energy density scale of the Lagrangian in (1). Therefore it
is natural to choose the renormalization point around the value eq.(8) 2. By virtue of the
present day astronomical observations, which suggest that the physical value of the CC is
positive and of the order of the energy density of matter [4], one may equivalently dene
c  (ph)1=4  2 10−3 eV .
Notice that the scale dened by the square root of the curvature scalar at present (R
1=2
0 )
is also rejected as a candidate to dene c because Einstein’s eld equations trivially imply
that, at present, R
1=2
0  (G0)1=2  H0 and so we are back to a scale that we have
already refused. There is also the natural scale dened by the present temperature of the
CMBR, T0 ’ 2:75 0K ’ 2:37 10−4 eV . However, photons decoupled long ago from matter
at the surface of last scattering, when the redshift was z ’ 1100 and the temperature
Td ’ 0:26 eV [3]. Since the observations do, instead, track the energy density of matter, the
thermodynamical scale γ = T0 should not bare any relation, in principle, with the natural
renormalization scale of the Lagrangian terms, like vac and V . In fact, T
4
0  10−15 eV 4 
ph. The connection of  with T is only sensible at relatively high energies, namely of
the order or above the temperatures at the radiation dominated epoch. Finally, isentropic
expansion implies that T a = const: (where a = a(t) is the cosmic scale factor) and so by
the same token we have not chosen a−10 for c.
Let us now consider the mechanism for the induced CC, ind, in the electroweak sector
of the SM. In the ground (vacuum) state of the SM, the expectation value (VEV) of + in
(2) will be denoted < + > 1
2
2, where  is a classical scalar eld. The corresponding
2In some cases the choice µ  H would yield a similar result to ours if H would be Hubble’s constant,









Shifting the original eld  ! H0+v such that the physical scalar eld H0 has zero VEV one
obtains the physical mass of the Higgs boson: MH =
p
2 m. Minimization of the potential
















g2 v2; M2Z =
1
4
(g2 + g02) v2; (11)
where hi are the corresponding Yukawa couplings, and g and g
0 are the SU(2)L and
U(1)Y gauge couplings. The VEV can be written entirely in terms of the Fermi scale:
v = 2−1=4MF ’ 246 GeV .
From (10) one obtains the following value for the potential, at the tree-level, that goes
over to the induced CC:




If we apply the current numerical bound MH & 115 GeV from LEP II, then the correspon-
ding value jindj ’ 1:0108 GeV 4 is 55 orders of magnitude greater than the observed upper
bound for the CC { typically this bound is ph . 10−47GeV 4.
In order to keep the quantum eld theory consistent with astronomical observations, one
has to demand that the two parts should cancel with the accuracy dictated by the current
data. This denes the sum (7). As shown by eq.(12), the rst term on the r.h.s. of (7), ind,
is not an independent parameter of the SM, since it is constructed from other parameters
like the VEV of Higgs and couplings. On the contrary, as we have emphasized above, vac
is an independent parameter, so it has to be renormalized and requires an independent
renormalization condition. Therefore, from the quantum eld theory point of view, the
sequence of steps in dening the CC is the following: one has to calculate the value of ind
at c, measure the value of the CC, ph, at the same scale, and choose the renormalization
condition for vac in the form
vac(c) = ph(c)− ind(c) : (13)
The modern observations from the supernovae [4] tell us that the value of ph(c) is positive
and has the magnitude of the order of 0c , that is about 10
−47 GeV . This value should be
inserted into the renormalization condition (13). From the formal point of view, everything
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is consistent. There is no any reason to insist that the CC should be exactly zero, for it is
measured to be nonzero by experiment. In principle, since the renormalization condition for
the CC should be taken from the measurement, to insist on any other value, including zero,
is senseless. But, the problem with the Eq. (7) is that the terms on the r:h:s: of it are 55
orders greater than their sum, so that one has to dene vac(c) with the precision of 55
decimal orders. To explain this fantastic exactness is the CC problem. Of course, the ne
tuning of 55 decimal numbers is dicult to understand, but zero CC would mean innitely
exact ne tuning, and one can guess that it would be innitely hard to explain, at least from
the RG point of view.
Let us compare the CC with the status of any other parameter of the SM. Imagine, for
instance, that we could isolate some particle like the electron or the top quark. Suppose also
that we could measure its mass with the 55th order of magnitude precision. Then we would
meet a similar problem, because we would not be able to explain why the mass of this particle
is exactly that one we measure. As a matter of fact, we are not able to explain the values of
these masses even when taken with their present accuracy. Indeed, for the electron (not to
mention the top quark!) the 55th order of magnitude precision is not possible, so the exactness
of the \ne tuning" for the CC really looks as something outstanding. However, this just
manifests the fact that the cosmic scale c where the measurement is performed, is quite
dierent from the Fermi scale, where the second counterpart ind is dened. Therefore, the
dierence between the CC and the particle masses is that the rst one can only be measured
at the cosmic scale. Unfortunately, the problem of CC is deeper than that. Let us continue
our comparison with the electron mass. It is known to be me = 0:51099906(15) MeV . But if
it would be, say, me = 0:52 MeV , physics should be, perhaps, the same. At the same time,
if we change, for example, the last 7 decimal points in the 55-digit number for the modern
value of the CC, the energy density of the Universe would change a lot and the shape of the
whole Universe would look very dierent. For instance, the Universe could be in a state of
fast inflation. Thus, the problem of the ne tuning of the CC is much more severe than the
prediction of particle masses.
The point is that we do not know why our Universe, with its small value of the CC, is
what it is. This can be taken as a philosophic question, but if taken as a physical problem,
it is really dicult to solve. At present, there are two main versions. First supposes that
there is some hidden symmetry which makes CC exactly zero, for instance, at the zero
energy scale [7]. Then one has to explain the change to the nonzero value of the CC at the
present cosmic scale. As we shall see in the next section, the renormalization group and the
eective approach provide natural framework for this explanation. The second possibility
is the anthropic hypothesis, which supposes that our Universe is such as it is because we
are able to live in it and study it. An extended version supposes multiple universes and
challenges one to calculate the probability to meet an appropriate Universe, available for
doing theoretical physics [20].
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Taking into account the quantum eects of the SM, one cannot, in principle, x the
CC to any constant of the order comparable to 10−47 GeV 4, because this constraint would
be broken by the RG. When the Universe evolves, the energy scale changes. In quantum
eld theory this change is accompanied by the scale dependence (running) of the physical
quantities like charges and masses. Even at very low cosmic scale these quantum eects may
be relevant for the CC, because of the small neutrino masses [11]. Now, suppose we accept
(13) as a fact, without looking for its fundamental explanation. Then, the following questions
appear: i) Is the running of the observable CC consistent with the standard cosmological
model?; ii) Which kind of lessons can we learn from this running?.
As we have shown in [11] the running for the observable CC really takes place. The
RGE for the parameter vac is independent from the RG behavior of the induced value
ind, and as a result the sum (7) diverges from its value at the xed cosmic scale (13).
Nevertheless, owing to the cancellation of the leading contribution in the induced sector of
the SM, the running of the observable CC occurs in a range consistent with the astronomic
data. It is important to notice that the running of the physical (observable) CC signies
that one cannot have zero CC during the whole life of the Universe because, due to the
logarithmic dependence on the scale, a CC of the order of the -function would immediately
appear. For this reason, popular quintessence models, which are called to mimic the CC
cannot "explain" the observed value of the CC [10]. With or without quintessence, one has
to choose the renormalization condition for the vacuum CC. The only dierence is that, in
(13), one has to add the quintessence contribution to ind, and the ne tuning becomes a
bit more complicated. Hence, unless quintessence is called to solve some other problem, it
does not seem to simplify the CC problem.
3 Running of vacuum and induced counterparts
The renormalization group equations for the eective action can be formulated in curved












Γ [g ; p; Ψi; ] = 0 : (14)
Here the -functions for all the couplings, vacuum parameters and masses of the theory
(generically denoted by p) and the γi-functions of all the matter elds are dened in the
usual way.
Equation (14) enables one to investigate the running of the coupling constants and also
the behavior of the eective action in a strong gravitational eld, strong scalar eld and
other limits [13]. We are interested in the running (general dependence on ) of the CC and
Newton’s constant. Besides, one has to take into account the RGE for the other parameters
too, if these parameters enter the RGE for  and G.
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To study the running of the physical CC and also, in a subsequent section, for the
Newton constant, we need the -functions for the scalar coupling constant f , for the Higgs
mass parameter m and for the dimensional parameters Gvac; vac of the vacuum action. At
this stage we write down the full equations without restrictions on the contributions of heavy
particles. These restrictions will be imposed later, when we evaluate the running at dierent







































f(0) = f( = MF )  fF : (15)
Here hi = hl;q are the Yukawa couplings for the fermions; q = (u; ::; t) and l = (e;  ; ; e; ; )
label the type of fermion (quark and lepton) elds of the SM. Furthermore, t = ln(=MF ),
and Ni = 1; 3 for leptons and quarks respectively. The boundary conditions for the renor-
malization group flow are imposed at the Fermi scale MF for all the parameters, with the
important exception of vac. Then the SU(2)L and U(1)Y gauge couplings at  = MF are
g2F  0:4 and g02F = g2F tan2 W ’ 0:12: Here W is the weak mixing angle, and at the Fermi
scale sin2 W ’ 0:23.
Taking the renormalization conditions into account, the solution of (15) for m can be
written in the form:




















where the couplings satisfy their own (well known) RGE [21]. The one-loop RGE for the
vacuum CC gains contributions from all massive elds, and can be computed in a straight-
forward way by explicit evaluation of the vacuum loops (Cf. Fig.1 ) . In particular, the









i ; vac(0) = 0 ; (18)
where the sum is taken over all the fermions with masses mi. In the last formula we have
changed the dimensionless scaling variable into t = ln(=c) because, as we have already
argued above, the renormalization point for vac is  = c, that is t = 0 for the new variable.
Taking (16) into account, the solution for the vacuum CC is












m4i (t) dt ; (19)
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where the running of mi(t) is coupled to that of m
2(t) and the corresponding Yukawa cou-








where f(t) is solution of Eq. (15). Although the value of the Higgs mass is not well under
control at present, and therefore the initial data for f is unknown, this uncertainty does not
pose a problem for the running of the CC, especially at low energies where the heavy degrees
of freedom play an inessential role. Eqs. (19), (20) enable one to write the general formula
for the scale dependence of the CC, in a one-loop approximation:

















m4i (t) dt ; (21)
where t = ln(=c).
An important point concerning the RGE is the energy scale where they actually apply.
This is especially important in dealing with the CC problem, since this problem is seen at
the present epoch, i.e. at energies far below the Standard Model scale (c  MF ). The
corresponding -functions Λvac; m; hi; f ::: governing the evolution of the RGE in a MS-
like scheme depend on the number of active degrees of freedom. These are the number of
elds whose associated particles have a mass below the energy scale  that we are considering,
because at suciently small energies one can invoke the decoupling of the heavier degrees of
freedom [22]. Equation (21) is understood as being normalized in such a way that at t = 0
(namely at  = c) ph(0) exactly reproduces the value of the CC from supernovae data.
Therefore, it should be clear that in our framework the relevant CC at present is not the
value of (20) at  = MF but, instead, that of (21) at  = c  MF . The value of the CC
at the Fermi epoch will be computed below within our approach.
First we will be interested in the scaling behavior of ph at the cosmic scale energies
  c. The importance of this energy domain is due to the aforementioned supernovae
analysis leading to a non-vanishing value of the CC of order ph  +2 10−11 eV 4 [4]. One
may expect that the lightest degrees of freedom of the SM, namely the neutrinos, are the
only ones involved to determine the running ph at nearby points  & c where one performs
the observations. Thus, let us suppose that all other constituents of the SM decouple at low
energies (  c). Among the decoupled particles we have the heavier neutrino species
(see below) and of course all other fermions, scalar and gauge bosons. For example, the
electron (which is the next-to-lightest matter particle after the neutrino) has a mass which
is 108 times heavier than the assumed mass for the lightest neutrino species [25]. Within
this Ansatz, we have to take into account only light neutrino loops in our RGE. Moreover,
we can safely neglect the running of the mass m(t) and coupling f(t), and attribute their
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values at the Fermi scale to them. For, the eect of their running at one loop is of the
same order as the second loop corrections to the running of vac and ind, because they are
proportional to the same neutrino Yukawa couplings.



























Here we have used the fact that in the SM the coecient m4h4j=f
2 is nothing but the fourth
power of the fermion mass, m4j - as it follows from eqs. (10) and (11). If these fermions are
neutrinos and their masses mj are as small as we have assumed, then the running of the
induced CC is slow enough not to disturb the standard cosmological scenario. In fact, the
r.h.s. of (22) looks like a miracle in the SM, because it exhibits a cancellation of the leading
m4h2j=f terms. These terms are 28 orders of magnitude greater than the remaining ones
m4h4j=f
2 in the case of the lightest neutrinos. In fact, as seen by using eqs. (10,11), the
ratio of the two is f=h2 = M2H=2m
2
  1028 for m  10−3 eV . Without this cancellation the
range of the running would be unacceptable, and the ne tuning of the CC incompatible with
the standard cosmological scenario. This does not happen in the SM due to the mentioned
cancellation, the origin of which will be explained at the end ot this section.
At the present cosmic scale   c, taking only neutrino contributions into account, we
see from (18) and (22) that the RGE for the vacuum and induced CC are identical 3. Hence






− 4 Pj m4j ( & mj)
? (IR   < mj)
: (23)
Here we have normalized t such that t = ln(=IR) where IR is the scale at the very far IR,
namely a scale much smaller than the present cosmic scale: IR  c. The value of the CC
in this \ultimate" energy scale (where no active degrees of freedom remain) is denoted by
ph(IR) but we do not know the running near it. We shall discuss about its possible values.
Taking the scenario for the neutrino oscillations, which is compatible with a very light
electron neutrino and a sterile neutrino of similar mass, me , ms =(2−3)10−3eV [25], we
arrive at jphj  10−48 GeV 4 i.e. a number about one order of magnitude below the right
range. On the other hand, in the MSW region [25] of maximal mixing between the electron
and sterile neutrinos one can amply achieve the desired jphj. At much higher energies (of
order 1 eV ) another couple of (nearly degenerate) neutrinos (;  ) start to contribute, as
do the other constituents of the SM, at proper energies.
3The equality of the running for the vacuum and induced CC depends on the approximation of constant
mass m and coupling f , which we use. As we have shown above, at low energies the running of m and f are
negligible.
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Let us discuss the choice of the ph(IR). The RGE (23) for   IR is not related to
neutrinos physics because none of the neutrino species is an active degrees of freedom at the
far IR. In actual fact, we do not know at all how is the running of ph near IR because
we are not aware of the existence of the necessary (extremely light) degrees of freedom that
would contribute to the RGE for ph in that ultimate energy segment. It is even possible
that there is some (string based?) hidden symmetry (e.g. Moore-Atkin-Lehner type [26]),
such that ph(IR) = 0 exactly. Then, according to our framework, a non-vanishing value of
ph is generated at the present cosmic scale c from the lightest degrees of freedom available
in the present Universe. In a pure SM context, the latter would be the lightest neutrinos.
However, in this case it is easy to see that, despite the absolute value jphj has the correct
range, the sign of ph is negative, while the supernovae observations [4] indicate a positive
CC. Therefore, if ph(IR) = 0, we are forced to go beyond the SM and accept the existence
of an extra light scalar [23, 24]. As emphasized in [11], the contribution of a light scalar
could change the sign of the -function in (23). The exact size of the mass of the light scalar
depends on whether there are neutrinos as light as 10−3 eV or not, a possibility that cannot
be excluded in the light of the most recent data, and corresponding interpretation of the
various neutrino puzzles [25]. If there are such ultralight neutrinos, the scalar mass must be
about four times the neutrino mass [11]. If not, then the scalar contribution will not compete
against any light fermion and its mass will be correspondingly smaller, but still within the
10−3 eV range. Be as it may, various versions of such scalar eld have been discussed from
dierent points of view in the literature, both theoretically and experimentally { see, for
example, [23, 24, 27, 28]. In particular there is the very attractive possibility that this scalar
is of the Cosmon nature [11, 30].
Another possibility is that ph(IR) is positive, so that the RG eects, in the absence of
the light scalar, just decrease the value of the CC. In section 6 we discuss how one can, in
principle, distinguish these two possibilities. But rst one has to understand the origin of the
mentioned cancellation in the one-loop contribution (22). When investigating the running
around   c according to our eective approach, one has to omit all the diagrams with
the closed loops of heavy particles. Then, for the running of the vacuum CC, one meets
only closed neutrino loops without external tails. For this reason, the one-loop RGE for the
vacuum CC does not require any cancellation. In the induced sector, however, there are two
sorts of neutrino diagrams (see Fig.1 ): (a) the ones contributing to the renormalization of
the Higgs mass, and (b) the ones contributing to the 4-vertex. In the general case and in
dimensional regularization one has
0 = 





m20 = Z2 m
2 + Z3 m
2
 = (1 + Z2) m




4−n Zf f = 4−n(1 + Zf) f :
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Figure 1: (a) The one-loop two-point function contributing to the induced part of the CC.
The one-loop contributions to the vacuum part are just bubbles without external lines; (b)
The one-loop four-point function contributing to the induced part.
where m is the neutrino mass, Z1; Z2 and Z3 are divergent one-loop contributions coming
from the diagrams in Fig.1a, and Zf comes from the diagram in Fig. 1b. At the low-energy
cosmic scale c the heavy elds do not contribute, so that Z2 = 0. But of course at the
Fermi scale a non-trivial Z2 contribution must be properly taken into account. As a matter
of fact, at this scale there is an extended list of one-loop diagrams { involving the eects
from all fermions, Higgs and gauge bosons of the SM{ from which the general RGE (15) were
derived. However, as we said above, when calculating the −function for f at low-energy, we
may restrict ourself to the diagrams in Fig.1. As a result we have the h4-order contribution
to the 4-vertex from the diagram in Fig. 1b plus a fh2-order contribution from the tree-
level 4-vertex including the mass counterterm insertion Z3 on any of the external legs.
This is the way the \big" terms proportional to fh2 enter the calculation. As a consequence,
when computing the -function for ind in eq.( 22) the h
2
-order contribution to m
2 from
Fig. 1a cancels against the vertex diagram containing the Z3 insertion. Since both terms
have the same origin, it is not a real miracle that they cancel out in the RGE for ind. The
upshot is that only the h4-order contribution from Fig. 1b remains. Since h
4
 is very small,
the running of ph has an acceptable range. As for the two-loop eects and higher, since
only neutrinos contribute at   c , and any neutrino vertex has an extra factor of h , the
two-loop diagrams come with extra factors of h2 , and this renders them much smaller than
the one-loop contributions.
4 The running at higher energies in a sharp cut-off
approximation
In the last section we have discussed the scale dependence of the CC at the very low energies
  c when only the lightest degrees of freedom of the SM are active. The corresponding
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study at higher energies meets several diculties. One of the problems is the contribution
of heavy particles at the energies near their mass. For the massive particles, the IR limit is
analytic. Furthermore, the quantum eects of the massive particles are suppressed at low
energies [22], so that in the region below the mass of the particle its quantum eects become
smaller. Besides, they are not related to the UV divergences. Thus, the use of the standard
RGE in the IR region is not justied and for the qualitative estimate one can take only
the eects in the UV region. Then, in order to investigate the running we apply the rough
approximation of a \sharp cut-o". This means that one takes the contribution of some
particle into account only at energies greater than the mass of this particle. Of course, at
energies immediately below the mass of the electron, nite threshold eects could dominate
over the neutrino contributions and our sharp cut-o approximation is not safe, but anyway
it should suce to assess the main eects beyond the particle thresholds, and to draw some
conclusions.
In the following we estimate the contributions to the CC from the scale c around the
lightest neutrino masses up to the Fermi scale MF . The calculations are performed similarly
to the neutrino case at low energy. The result is that the Λ-function in eq.(18) gets,
in the presence of arbitrary degrees of freedom of spin J and non-vanishing mass MJ ; a
corresponding contribution of the form
Λ = (−1)2J(J + 1=2) nc nJ M4J ; (25)
with (nc; n1=2) = (3; 2) for quarks, (1; 2) for leptons and (nc; n0;1) = (1; 1) for scalar and
vector elds. The particular case of the Higgs contribution in eq.(18) is recovered after
including an extra factor of 4 from the fact that there are four real scalar elds in the Higgs
doublet of the SM. Notice that this result is consistent with the expected form (1=2) M4H as
the physical mass of the Higgs particle is MH =
p
2 m. The values of the CC at dierent
scales, within our approximation, can be easily computed using the current SM inputs [29].
In particular we take MH = 115 GeV and mt = 175 GeV . The numerical results are displayed
in Table 1. Notice that the last row gives the CC at the Fermi scale MF . This value follows
from integrating the RGE with the assumption that the masses have their values at the




















g4 ( & MF ) (26)
We point out that in all cases the contribution from the vacuum and induced parts is the
same to within few percent at most.
15
d.o.f. M (GeV ) ph(GeV
4) jphj=M4
;  10−9 O(10−47) O(10−11)
e 5 10−4 O(− 10−37) O(10−24)
u 5 10−3 −3:6 10−15 5:8 10−6
d 0:01 −3:3 10−11 3:3 10−3
 0:105 −1:8 10−9 1:5 10−5
s 0:3 −3:2 10−6 4 10−4
c 1:5 −9:9 10−4 2 10−4
 1:78 −0:065 6:7 10−3
b 5 −0:33 5:3 10−4
W 80 −132 3:2 10−6
MF 293 −8:8 10+7 0:012
Table 1. The numerical variation of ph at different scales . Each scale is characterized
by the mass M of the heaviest active degrees of freedom (d.o.f.). In the last column, the value
of ph() is presented also measured in the units of the fourth power of the natural mass
scale  = M . The indefiniteness of the sign for the CC at the energies around the heavy
neutrino masses mµ ; mτ (first row) is due to the possibility of the existence of a light scalar
field with a mass a few times the lightest neutrino masses me; ms. Similarly, due to the
lack of knowledge of the various neutrino masses, we have given only the order of magnitude
of ph for the second row.
We suppose that the heavy couple of neutrinos (;  ) have masses three orders greater
that the masses of the electron and sterile neutrino (if available). These light neutrinos are
assumed with masses of O(10−3) eV , namely of order of the square root of the typical mass
squared dierences obtained in the various neutrino experiments [25]. Since the available
data about the neutrino masses is not exact, their contribution is indicated only as an order
of magnitude. In fact, all of the numbers in this Table are estimates, because of the reasons
mentioned above. Let us make some remark concerning the values of ph at dierent scales.
First. The breaking of the ne tuning between induced and vacuum CC’s becomes
stronger at higher energies, and is maximum at the Fermi scale. Notice that at this scale
we recover a physical value for the CC around 108 GeV 4, which is of the order of the one
obtained from the naive calculation based on only the (tree-level) induced part, eq.(12).
However, in our framework the value at  = MF was consistently derived from a physical
CC of order 10−47GeV 4 at the cosmic scale c.
Second, the dimensionless ratio ph=
4 (with  ’ M being the mass of the heaviest
degree of freedom available at the given energy) suers from \jumps" at the dierent points.
Such \jumps" occur at the particle thresholds when the new, heavier, degrees of freedom
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start to contribute to the running. Obviously, this is an eect of the \sharp cut-o" approx-
imation. It would be more correct to switch on the contributions of the heavy particles in
a smoother way (e.g. with the aid of a fully-fledged mass-dependent scheme), and then the
scale dependence of the observable CC would be also smooth. Another possible drawback,
although certainly not inherent to our approach as it is of very general nature, is the fact
that our estimate for the CC at the scale of the light quark masses may be obscured by
non-perturbative eects which are dicult to handle. Our rough approximation, however,
should suce to conclude that the relative cosmological constant ph=
4 , at energies above
the heavy neutrino masses up to the Fermi scale, has a magnitude between 10−2 and 10−6.
Third. Even if we suppose that at \far IR" the CC is exactly zero, and that its running
towards the observed positive sign is due to some new light scalar, the mass of this particle
should be a few times the lightest neutrino mass. When, however, we consider the phenom-
ena at the scales comparable to the heavy neutrino masses, these neutrinos will strongly
dominate, and we meet negative CC at these energies. In fact, the same feature replicates
up to the Fermi scale.
5 Implications for the nucleosynthesis
The rst test for the reliability of our eective approach comes from the primordial nucleosyn-
thesis calculations. The standard version of these calculations implies that the total energy
density  = R + M from radiation and matter elds is dominating over the density of vac-
uum energy:   ph. In practice, it suces to verify that R  ph because the radiation
density is dominant at the nucleosynthesis epoch. So, we have to check what is the relation
between the CC and the energy density R at the temperature around Tn = 0:1 MeV , which
is the most important one for the nucleosynthesis [3]. If we compare this energy with the
electron mass me ’ 0:5 MeV and look at the Table 1 above, the plausible conclusion is that
the CC is very small and cannot aect the standard nucleosynthesis results.
However, one has to remind that the nucleosynthesis already starts at the temperature
1010 K ’ 1 MeV ’ 2 me. At earlier stages the entropy is so high that the relevant reactions
are suppressed by the high value of the photon-to-baryon ratio [3]. According to our previous
analysis, that scale of energies is characterized by a fast growth of the negative CC due to
the electron vacuum eects, and above (5− 10) MeV there is an even greater enhancement
due to the light quark contributions.
The next problem is how to evaluate the energy density of matter in the Universe at
these temperatures. Using the known result [2, 3], that at present ( = c) the density of
radiation is about 10−4 of the critical density 0c , and applying the standard measurement
of temperature by the energy of radiation, we arrive at the following energy density at the
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typical energy :





= 10−4 4 ; (27)
where we used (8). Therefore, at the typical energy of the nucleosynthesis,   Tn =
10−4 GeV , we get
R(Tn)  10−20 GeV 4 : (28)
Looking at the Table 1, we realize that this is about 17 orders of magnitude bigger than
the CC generated by the \heavy" neutrino eects up to the scale   me . Thus, in
the framework of our sharp cut-o approximation, the running of the CC cannot aect
the nucleosynthesis. However, the situation is not that simple, because Tn is very close to
the electron mass, and the contribution to the CC from this "heavy" particle may become
important at the earlier stages of the nucleosynthesis. In order to see this, let us derive the
density R for the upper energy end of the nucleosynthesis interval. Using (27) we arrive at
the estimate R( = me = 5Tn)  6 10−18 GeV 4 whereas the CC is of order 10−37 GeV 4.
For even higher energies there is a dramatic enhancement of the CC at  & mu where
ph becomes of order 10
−15 GeV 4 whereas R( = mu = 50Tn)  6  10−14 GeV 4, i.e. not
even two orders of magnitude larger. Still, this should be sucient. It is clear that in
some cases the sharp cut-o approximation may not really be accurate enough. Rather, the
application of some more sophisticated (mass-dependent) renormalization group methods
would be desirable.
Finally, we point out that our lack of a suciently reliable estimate for the CC around
the scale of the light quark masses mentioned in the previous section should not invalidate
our conclusion for the nucleosynthesis. For, as remarked above, the time when the primordial
nucleosynthesis of the light elements begins in earnest is when T . 0:1 MeV [3]. This is well
below the scale of the light quark masses themselves. Thus in this segment we can trust our
estimate for the CC as it depends only on the contributions from the electron and neutrinos
(see Table 1) which are free from QCD eects. At the end of the day we conclude that the
nucleosynthesis is, in principle, safe.
6 On the running of the gravitational constant
Let us consider the running of the gravitational (Newton’s) constant, which can be evaluated
in the framework of the algorithm developed for the CC. From the quantum eld theory point
of view, the Hilbert-Einstein term should be introduced into the vacuum action (5), because
otherwise the theory is not renormalizable. Then the renormalization condition for the
gravitational constant could be implemented at the scale where it is measured experimentally,
that is at the scale of the Cavendish experiment.
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Besides the vacuum one, the induced Hilbert-Einstein term is generated by exactly the
same mechanism as the cosmological term. Disregarding the high derivative terms, we
obtain from Eqs. (4) and (10) the action of induced gravity in the form (6) after replacing
Gvac ! Gind and vac ! ind, with Gind dened by
1
16Gind











When trying to analyze this equation the problem is that the value of the non-minimal
parameter  is unknown. Indeed, since Gind is (unlike Gph) unobservable, there is no a priori
reasonable criterion to select a value for  at any given scale, while the scaling dependence
of  is governed by a well-known renormalization group equation (see, for example, [13]). In




















; (0) = 0 (31)
where the expression in the parenthesis is the very same one as in the equation for the mass
in (15). We remark, that from the physical point of view there is no preference at which
scale to introduce the initial data for (t), because this parameter cannot be measured in a
direct way. Some formal arguments can be presented that   1
6
at high energies [33] and
that it runs very slowly when the energy decreases [34]. As we shall see later on, the value
of  is not very important for establishing the value of Gph at dierent scales.
Now we are in a position to study the scaling dependence for the gravitational constant.
As in the case of the CC, we must consider the vacuum and induced counterparts indepen-
dently. The one-loop RGE for the vacuum gravitational constant can be computed e.g. with
the help of the Schwinger-De Witt technique to extract the divergent part of the one-loop

















i ; Gvac(0) = G0 ; (32)
where the sum is taken over the spinor elds with the masses mi, and t = ln(=c). The
value of G0 corresponds to the renormalization condition at  = c and must be chosen as
































m2i (t) dt :
(34)
Thus, the scaling behavior of the parameter Gvac is determined, with accuracy to the in-
tegration constant G0, by the scaling behavior of the couplings and masses of the matter
elds, and by the initial unknown value 0.
Consider the induced part. The eective potential of the Higgs eld, with the non-
minimal term (4), is given by a loop expansion:





where the classical (tree-level) expression
Vcl = −1
2




is seen to get an additional contribution from curvature. Since we are interested only in the
running, it is not necessary to account for the renormalization conditions and one can simply
take the renormalization group improved classical potential. It can be easily obtained from
(36) if all the quantities ; f; m2;  are replaced by the corresponding eective charges. The
gauge ambiguity related to the anomalous dimension of the scalar eld and consequently
















where f(t) is solution of Eq. (15). The formulas above give the scaling dependence for the
induced gravitational constant, which is completely determined by the running of m2(t), f(t)





































m2i (t) dt : (38)
Even without applying the eective approach to the SM, from the last formula follows,
that the scaling dependence of the inverse gravitational constant (deviation of its value from
G0) is proportional to M
2
F  105 GeV 2 whereas the observable value of G−1ph is M2P l 
1038 GeV 2. Hence, the only one chance to have relevant running of Gph is to consider the
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theory with huge  comparable with 1033. It is easy to see that this can be inconsistent with
our general supposition in eq.(36) that R is small as compared to m2 in the Fermi epoch.
We use this fact when take the flat-space formula (9) for the SSB, despite our potential
contains a non-minimal term (4). In order to justify this, one has to remind that the values
of Ricci tensor and energy-momentum tensor are linked by Einstein equations
R − 1
2
R g = 8 Gph T : (39)
The typical value of the components of the physical T is 
4 where  is the scale at the
corresponding epoch. At the Fermi epoch,   m  100 GeV , the typical value of the
components of R is of order R  8GT   8 m4=M2P , and so indeed our approximation







 1033 : (40)
On the other hand, since the scale dependence of  (33) is not strong [34],  must be close
to 1=6 also at the present epoch. If being of the order 1033,  should manifest itself in the
low energy phenomena, and since this is not the case we will not consider this possibility.
For values of  satisfying (40) the running of Gph is negligible so that the exact value of  is
not important for the denition of the gravitational constant.
Finally, we remark that the negligible running of Gph that we have found in our frame-
work, is very much welcome in order not to disturb primordial nucleosynthesis, which in fact
can only tolerate few percent deviations of Gph with respect today’s value [3, 19]. This fea-
ture, together with the already proven relative smallness of the vacuum energy as compared
to the energy density of matter at that epoch, is quite rewarding for the physical consistency
of our approach.
7 Discussion and conclusions
We have considered several new aspects of the CC problem which represents the most evi-
dent bridge between theoretical high energy physics, phenomenological particle physics and
cosmology. The CC problem arises inside the Standard Model of particle physics, because
the SSB produces the induced CC. The parameters of the SSB are closely related to the ob-
servable spectrum of particles in the SM. Now, it is easy to see that the single measurement
of the CC, like that coming from the supernovae data [4], is not sucient for the determina-
tion of the value of this constant at far IR. For, suppose the possible existence of the light










m4i; ph(0) = IR ; (41)
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with t = ln(=IR). We notice that, starting from  = IR and running up, the value of the
CC at far IR persists until the typical energy becomes comparable to the mass of the lightest
particles, perhaps the neutrino. Thus one can impose the renormalization condition at far
IR or at an energy, say, 10−3 m  c. In any case, between  = IR and  = 10−3 m the
RGE (41) is such that its r.h.s. is zero and the CC does not run. Equation (41) includes two
unknowns: the CC at far IR and the mass of the hypothetical light scalar mS. Therefore,
besides the supernovae result [4], one needs at least two more data to establish the scale
behaviour of the CC from  = IR to  = c. In order to illustrate the importance of the
problem, let us consider some distinct possibilities. An exact relation ph(IR) = 0 would
strongly suggest the existence of some hidden symmetry [7]. At the same time, a positive
value of the CC at the modern cosmic scale c, together with the running of the CC and the
condition ph(IR) = 0, should be possible only if there is some unknown light scalar, with a
mass of at most one order of magnitude greater than those of the lightest neutrinos. Indeed,
there may be various models for this scalar [11] and the only denite indication is the range
of its mass. The type of interaction between this scalar and the usual matter depends on the
choice of the model, and the CC itself says nothing about it. In case of the Cosmon model
[30, 31, 32, 11], one can derive the eective parameters of the interaction of this scalar with
matter, and thus make detailed predictions.
Let us, on the contrary, imagine that some future laboratory experiments will completely
exclude the existence of that scalar. This would mean that the CC at far IR is positive,
and with a value even greater than now. This should leave small chances for the hidden
symmetry and for the purely mathematical solution of the CC problem. Thus, the absence
of the light scalar should denitely be in favor of the anthropic hypothesis [1, 10]. This
example shows that there can be a very close relation between the eld theory, observational
cosmology and the search for the light scalar.
Besides the laboratory investigation of the light scalar, one needs at least one more data
concerning the CC, to wit: its value in earlier stages of the Universe, namely at scales
 & c in the vicinity of the point  = c. Such information would enable one to know
all details about the equation (41), and establish the value of the CC at far IR. Then,
it would be possible to set the CC problem in a new, less mysterious manner. As a by-
product we should learn the distant future of our Universe. In case of a non-zero, positive,
ph(IR) this future should be a de Sitter regime of very slow inflation a(t)  eHt (with
H =
p
8G ph=3). Whereas in case of zero ph(IR) the universe would go rst through
a long period of gradually evanescent inflation (until the very lightest degree of freedom
would decouple) and nally, in the remote IR, it would end up in the form of an Einstein-de
Sitter type of evolution: a(t)  t2=3 [2]. In any of these cases there could be an interplay {
occurring perhaps both before and after our epoch { between the very light spinor and boson
degrees of freedom. This could modify the age estimates of the present universe. Although
the age problem is considered to be more or less xed at present, the uncertainties in the
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determination of the oldest objects (the globular clusters in our Galaxy) versus the calculated
age from cosmological data are not negligible [36]. From the previous considerations it should
be clear that, in contradistinction to the conventional viewpoint of the CC considered as a
\rigid" constant, in our framework the CC (and with it the distant future of our universe) is
dynamically linked to the number of active degrees of freedom gradually encountered when
the universe approaches  ! IR.
We close by noting that the CC problem cannot perhaps be solved completely without
the derivation of the light particle spectrum from some fundamental \theory of everything".
Despite there are several mathematically consistent candidates for such fundamental theory,
there is a small chance to derive the spectrum of particles and to check these theories
experimentally, so it is very dicult to establish the relation between modern theoretical
physics and phenomenology. In contrast to this impasse, the eective approach to the CC
enables one to suggest some experiments which could indicate, at least, the existence of such
a fundamental theory. The minimal amount of the necessary data includes the search for
the light scalar particle (e.g. through the measurement of new submillimeter macroscopic
forces [11]) and the astronomical measurements of the CC in earlier stages of the Universe.
One can hope, that the future development of the experimental facilities will make these
data available and we shall learn more about the CC and related issues.
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